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The Expression of any Differential Coefficient of a 
Function of a Function of any number of Variables 
by aid of the corresponding Differential Coeffi- 
cients of any n Powers of the Function, 
where n is the Order of the 
Differential Coefficient. 

By J. 0. Fields. 



Let x, y, z . . . . be any number of independent variables, u any function of 

these variables, and A any function of the degree n of the symbols -y- , -j- , -j- . . . , 

(X3j ^y (* / % 

n being a positive integer. Evidently 

Cs) v = '<->•<■' (0(0- ■ • • •"=*<«)■<■. 

where g {rn) , h (m) , considered with regard to rn alone, are polynomials in 

this quantity of the degrees n and r + « + ••• • respectively, whence plainly 

Au m = f(m)u m where f(m) is a polynomial of the degree n in m. We have 

therefore, by the ordinary theory of partial fractions, 

p 

1. Au m ==f( m )u m = d( m ).^u m =6(m)u m ^4^.—L^ 
J v ; K J 0(m) y ' ZL/6'(a r ) m — a r 



o 
p p 






L—/m — a r ' 6'(a r ) £—s rn — a r ' 6' (a r ) ' 

where 6 (m) =■ (m — Oo)(m — a x ) . . . . (m — a p ) , the a's being any constant quan- 
tities all distinct from one another and greater than n in number. In particular, 

if we put p =s n, a r = r for all values of r, A = (-j-j (~J~) \~J~J • • • • wnere 
p+ a +<r +•••• = »i and designate by -S OTi P> „ . , . . the coefficient of a^V .... in 
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the development of u m , we have on dividing equation (1) through by p! a ! r! 

putting sc = 0,2/=0,z = 0..»., and noticing that d'(r) = ( — l) n_r r ! (n — r) ! 

n 
2 5 = 6(W)V^ M "~ r ^ ,>,„.... 

<i- — ' m— r (r) 



= m(m — 1) .... (m — ft) >«• — . * {-. t-^si. 

v / v ' Lmm/ m — r rl (n — r) ! 



(n — r) ! 

where m expresses the value of u when a;=0,y = 0,z=0.... 

In particular, if w be a function of one variable (x) only, and A = f-r-J , 

5 WiW = m(m-l) . . . . ( TO - W )^7 Jgll. (= *£3j* , 

v v Z_/ m — r rl (n — r) I 

a formula originally due to a suggestion of Eisenstein, and of which a proof has 
been given by Sylvester.* 

We might notice more generally that Aw m e= F(rn)u m where u and v are 
any functions of the variables and F(rn) is a polynomial of the n th degree in m , 
whence, in the same way as (1), we derive 

o a m at \V* u m ~ ar Am*© 

Hence we see that formula (2) holds more generally where B m>Pi „.,.,. is the 
coefficient of aj'y .... in M m « . 

If we have <£ (u) = \^ a m « m (the a's being constant coefficients), and apply 
(1), we get 

p p b(u — ^ 

4. A^( M) =2^-^^(2s^^)=2^^(^-- -a — ♦(«)• 

aw 
If, in (4), we put p = n, and a r = r for all values of r , then 

\ du/ du \ du J\' du J ' ' \ du / \duj 

^Quarterly Journ. of Math., Vol. I, p. 199. Also Bertrand, Cal. Diff., p. 131. 
51 
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and we have 

AaM _ V*(~ l) n - r u- r Au r \duj .. v 

o v ' u — r 



o 



£-tZLr(n — r)\ (r— s)\ KduJ u s+1 ' 

v ' v ' 

-=— J and afterwards with ( u -j r ) . 

we get 

e. a^> (u) = ETn£^/ M,l "> ( " +1) ^ *•■ 

o *• ' 

where, in performing the integration by successive partial integrations, we put 
zero for the arbitrary constant, or what is the same thing, the integral is the 
sum of a number of terms each one of which contains as a factor $ (u) or some 
differential coefficient of <p(u), as is readily seen from (5), where the whole 
operation upon <£> (u) is direct and not inverse ; thus from (6) we obtain 

n p n n 

7. A<p (u) =2^ 2L rUo-rV * (tt) = 2^ 2^ r'(p-r)! ' Au ' 

\r / Or K " ' 

For example, we find 



n n 



r ! (p — r) ! 



r 

n n 



A log u = - 2^ 2 y- ( r )(- 1 )" M ~ rAMr - 

Or' 

P 

We see that / r # , 7 - — £j u~ r Au r = A f— 1 J where, when the operation A 

o *> ' ' 

has been performed (a being treated as a constant), a is replaced by u. We have 
therefore from (7), 

8. A^^^A^-lJ,- 

o r ' 

where, after performance of operation A, a is replaced by u. 
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In particular, when u is a function of one variable (x) only, and we put 

bolic expression for f -=— J $ («) given by Bertrand.* 

Again we have <p (u -=— J u n = <p (n) u n = E£<p (y) u y , (y = 0) , whence 

K^)23 a " W " = S amjE ^ (2/) ^ (2/ = 0) and 

We might notice in passing that putting u = e x , % (u) = ^ (a;), £ (^) = 4 (t~ ) 
we obtain the theorem 



If in (4) we put <f> («) = (log «)*, we get, with the help of (9), 

d 

y — a r 






E u~ ar A.u ar f d\ s (y) u v 
6' (a r ) ' V% / y — a r 



V* w-^Ar „ /. , d V (y) , -x 

-<i— ' 0'(a r ) \.° dy J y — a r 

thus, 

ii. A ( lo g-) 8 =( lo g«+ 5 J^-^^-^i' ( m= °)- 

We might also obtain this result directly from (1) by differentiating with regard 
to rn, thus 

A (log u)* u m = (JLy Au m = (*-}' . u m (ur m Au m ) = u m (log u + ~ Y«r m Au m ; 

*Oal. Diff., p. 141. 
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substituting in this formula for Au m from (1), we obtain 

A (log u) S U m = U m {\0g U+ -=-) >r -^-v ^-i_ 

\ am/ Ammf & (a r ) m — a r 

and on putting m = in this formula we obtain (11). 

Supposing (logw)* to be developed in powers of x, y,z .... , put in par- 
ticular u = 1 (therefore log u = 0) , 



_ / a" y / d \V d V . . 



+ 



also designate by J., >p%<rtT> . .. the coefficient of x 9 y a z T . ... in the development of 
(logtt)*, then (11) gives 

"»• = f^^(0G§)'(1)'--« 






-p!<y!... A 10gWo+ oW Z^ 0'(« r ) ^^' 



We have therefore 



1 2. -4 g , p< „, T . 



i /_d_ y y^ aw- 0(ot) 

) ! G ! . . . . \dmJ L-~r ff (a r ) ' m — a r 



m=0=a=s/ = . 



= (Ay y? B «.»* iw_ 

\dmJ L-j 6' (a r ) ' m — a r 

/ d y V* (— l) u ~ r B r , , 0(m) , A . a , v , ,, , s 

== ( -r— ) 7 r {-, ,p 'f ••" . — * — - , (m = 0), t)(m) = m(wi — 1) . . . (m — n). 

\dm/ iL^ r\ (n — r)\ m — r ' K 

In the same manner that we obtained (4) from (1), from (11) we obtain 

p 

-.o a>k/i \ ^.A _l d\\^u~" r Au a ' 8(m) , ., 

13. A$(log M ) = $(lo g « + ^)^-^- r .-i :: i_ ) («.= <». 

Putting « = % («) , from (4) we get 

° V dv P' 

Substituting in (4), 



**%(«) = 2^ — -7 a n*^-tw— J— r^ (r) ^' 
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where 

6 1 (m) = {m — /3 )(»i— ft) . . . (m — &), 6 % (m)z={m — a )(m — a 1 ) . . . (m — a p ). 

By successive applications of (4) we will get in general 

d 



p p . p v p cb "«■ *fl f<t> i — - ^ 



i4. a*.*_i...*i(m)=2^ 2^...2i/ 2i/ 2s 



_ — ._...„,, ,, , d 





*. 



«K«)(*^^-«*.) 



M" 



-*•*(•£) 



X 7—^ ^••^'. 



where 0„ (m) = (m — a,, )(w — «„, i) (m — a„ >p ) , the a„'s being any p distinct 

quantities taken at will, of which any number may happen to coincide with a/s 
in any other function 0„ (ni) = (m — a„, )(m — a„, x ) . . . . (m — a^ p ) ; putting for 
all values of v , 6 V (m) = m (in — l) . . . . (m —p) = (m) , we have 



p qt-e 



% -^ H^10 ( <J> K _1 T^— ) 

15. A*.*..,. . • .*i(u)= V--^» / / x 







"«-»' *z_ x n r" K . <k 






For brevity I have put ^ =<J> X (m) , 3> 2 =<£ 2 (*i) =*b | $1 («) f . etc., ® K =® K (4> K _i) . 
Putting in (15) 

3 *!-i- - d 

= * : _JVz;(^) *!-,«>.-,, 
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where, as in (6), the integration is supposed to be performed by partial integrals, 
the arbitrary constant being put equal to , and 

1 _ (—l)"- r ._ (— l) p ~ r ( p\ 
V(r)~ r\(p — r)\— p\ \rj' 

with similar substitutions with regard to q, s, t, etc., we get for (15) 

p 



16. A4>.*„_, . . . . *,(«) = tj^fS"- •«■-<-"■«* •- f " , "(f )(?)■••■ 

• ■ • ■(? XM^UrT^f*" G£r«-*- • • ■ 

For example, if we have what I might call the x-storied function efi , where e 
occurs x times, and which I will designate by u K , from (16) we obtain 

• • • ■(*)(i)f u *-? eU *- i{M *-if u * z * reqUK - 2du *-* ■■■■ 

. . . . Jvf-'e^duj.J tt*'-V"dw.A« w . 

Where each integration is supposed to be performed by partial integrals, the 
arbitrary constant being put equal to 0, or in other words, that particular inte- 
gral being selected which explicitly contains as a factor the exponential which 
appears under the integral sign in question. 

We might almost indefinitely generalize the above formulae, thus, instead of 
u m in (1) we might suppose <E> a function of any number of variables x, y, z . . . and 
of any number of parameters m 1 , m 2 , m 3 . . . . , and A any operator independent 
of these parameters, and such that 

A®(x,y. . . .nh, m % . . . .)=/(m 1( m 2) . . . .m K . . . .).<&(x, y mi, m 2 ), 

where as regards the parameters alone / is of a finite degree. Supposing / to 
be of degrees n lt n % , etc. in m x , vn % , etc. respectively, and taking any arbitrary 
polynomials in m's such as $ K (m K ) = II (m K — a Ktt ) where degree of polynomial is 
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<£n K , by successive application of the theory of partial fractions as regards 
m lt m % , etc. to/, we may express it as a summation in the form 
f(m 1 , m % rn K ) 

whence 

A<I>(a;, y . . . . m lt m 2 . . . .) =f(m 1 , rn % . . . .)4>(cc, y m lt w 8 . . . .) 

- Tift (m \ \?.... . /(«!■ f» «%» • • OjKgL? y gkti a *<" — ) 

- iw. W ^ - ^J^ (a,..) .... 

1 <&(x, y . . . . m lt ot 2 . . . .) 

(m x — ai) r )(»H — oi,,) ....'*(», y ... . a hr , a 2 ,, . . . .) 



X 



no (m ) VV- A(|) ( a; ' g — a ^» a ^* • • • •) 



X 



<ft(cc, y . . ♦ . m u m % . . . .) 

(»h— a lir )(m 2 — a 2]S ) ! ...'#(», # ... . a 1>r , a,,, . . . .) ' 



Bernoulli's Numbers. 

We might notice the application of (7) to Bernoulli's Numbers ; in (7) put 

/ d \ n 

A=(-j- J , u = e°, $ (u) = (1 + u)~\ then u = 1 and 

LLs LL/ r\ in — r)! \dxJ 



o 

« n 



!(n — r)l V^y ^""^Zl/r! (p — r)!' 20+ 1 



»=o 



r! 2 r + 1 \(fo;/ a; Zl/r! 2 r + 1 \<fe/ 1 — a 

n r 

Z-/r! 2 r+1 iVtfo/ 1— » £L/s\(r—s)\\dxJ \dxJ 1 — a;J a= , 

=E(-^{ i -^EC! 1 )}=^EE(-^Ct 1 ) 

10 1 r+1 

n + 1 *— 1 " n + 1 

=^EEC , r>- i )-=^£<- i )^-'=^EC: i K. 
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where M _ 1 + (»+*) + («+*)+ .... + ( n + X ) 

and N t = — 1" + 2" — 3" + . . . . + (— \)H n . 

We know that Bernoulli's ^> th number B p = ~ 2y multiplied by coefficient 

of cc 2i>-1 in (1 + e") - \ putting w= 2p — 1 , we have therefore 

— 2 %p-i (2 2 ^ — l) LL, k ' -"*%>-'-! 2 2p_1 (2^ — 1) Zl\ s / * -1 



